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Abstract. In this work we describe a new methodology to improve pre-
dictive capabilities of dynamic models when parameters differ in orders
of magnitude. The main idea is to normalise the model unknown parame-
ters before solving the classical problem of optimal experimental design
based on the Fisher information matrix. The normalisation improves the
relative confidence intervals of the estimated parameters and the con-
ditioning of the Fisher matrix, especially for those criteria aiming to
decorrelate the model parameters. Using the so-called core predictions,
we show how the new approach improves the final model predictive capa-
bilities in two terms: predictions are closer to the real dynamics and with
better confidence intervals.

We illustrate the concepts using two toy examples linear and non-
linear in their parameters. Finally we test the performance of the nor-
malisation in a model simulating the bacterial SOS response. This path-
way remains of main relevance to work towards a predictive model of
antimicrobial resistance.

Keywords: Normalisation · Fisher Information Matrix (FIM) · Rela-
tive parameter confidence intervals · Core predictions · Optimal Exper-
imental Design (OED) · Bacterial SOS response

1 Introduction

Predictive capabilities of models in computational biology largely depend on
the confidence we have on their parameters. Usually there is a large number
of non-measurable parameters that have to be estimated fitting the model to
experimental data. In most cases only a limited number of components in the
network can be measured, the system may only be stimulated in very specific
ways, the number of sampling times is usually limited and the experimental
data are subject to substantial experimental noise [2,3]. As a consequence the
confidence intervals of the parameters are too large to make useful predictions
or even infinite.

Optimal Experimental design (OED) methodologies therefore become essen-
tial to find which experiments are more informative. They are currently being
exploited in different areas in computational biology, mainly in systems biology
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[14,18] and in pharmacokinetics [8]. The idea is to formulate an optimisation
problem to find the best decision variables (such as sampling times or stimuli
profiles) to maximise the quantity and quality of information using the Fisher
Information Matrix (FIM).

The main challenge is that parameters in computational biology usually dif-
fer in several orders of magnitude. For example protein degradation rates are
typically several orders of magnitude lower than Michaelis-Menten constants.
As a consequence the FIM is ill-conditioned [1,6] and parameters with small
values have too wide confidence intervals to make useful predictions.

To address this challenge we propose to normalise the parameter models
before optimising the experiments. The new normalised FIM has a better con-
dition number and the optimal experiments will focus on decreasing the relative
confidence intervals of the parameters instead of their absolute confidence inter-
vals. The improvement in the predictive capabilities of the model is analysed
using the so-called model core predictions [5]. They are used to assess how the
parameter uncertainty is translated to the model predictions with and without
the proposed normalisation.

This work starts describing the theory of optimal experimental design based
on the fisher information matrix in Sect. 2 and the proposed normalisation in
Sect. 3. We will use a simple toy example (linear in the parameters) to illus-
trate the ideas behind these two sections. Section 4 describes the concept of core
prediction and shows the improvement in predictive capabilities for another toy
example (non-linear in the parameters) when using the normalisation. Finally
in Sect. 5 we explore the performance of the normalisation in the context of a
regulatory network describing main features of bacteria SOS response. For the
sake of simplicity, elements of vectors and matrices are denoted with subindexes
and vectors and matrices are denoted with same symbol as their elements and
with all vectors being column vectors.

2 Classical Theory for Optimal Design of Experiments
Based on the Fisher Information Matrix

The objective is to minimize the uncertainty of the estimated parameters by
designing the most informative experiments. The Optimal Experimental Design
(OED) problem may be mathematically formulated as a general dynamic optimi-
sation problem searching for the manipulable variables (such as time-dependent
stimuli, initial experimental conditions, experiment durations, sensor locations,
sampling times and type of measurements) that maximize information. In this
way the OED problem is formulated with maximum generality allowing for the
sequential or parallel design of several experiments.

2.1 The Fisher Information Matrix and the Hyperellipsoid
of Information

The Fisher Information Matrix (FIM) is the standard measure for the amount
of information that an observable carries about an unknown parameter.
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In computational biology the usual observables are discrete dynamic variables
that depend on the unknown vector of parameters θ = [θ1, . . . , θnθ

] ∈ IRnθ .
Assume that each measurement is a random variable with normal distribution
xk ∼ N(x̄k, σ2) and mean obtained with a deterministic model x̄k = Mk(θ, u, v)
that depends on the stimuli u(t) ∈ IRnu and other decision variables v ∈ IRnv such
as sampling times, sensor locations, initial conditions and experiment duration.

The FIM is defined as the variance of the score where Jml is the negative
log-likelihood function [12] with nk being the total number of sampling times:

F (θ, u, v) = E

{(
∂Jml

∂θ

) (
∂Jml

∂θ

)T
}

Jml = − ln p(x; θ, u, v) =
nk

2
ln 2π +

nk

2
ln σ2 − 1

2σ2

nk∑
n=1

(xk − Mk(θ, u, v))2.

The FIM determines a quadric, typically a hyperellipsoid in the parameter
space. This hyperellipsoid represents the quantity and quality of information of
the selected experiments. The largest and the more spherical the information
hyperellipsoid defined by the FIM, the better the experimental design. Different
scalar functions of the FIM are formulated (JOED) being the following the most
common [13]:

D criterion (JD = max Det[F ]) maximises the volume of the informa-
tion hyperellipsoid no matter its shape. The higher its value the smaller the
expected parameter uncertainty for the parameter estimates. A criterion
(JA = max trace[F ]) maximises the arithmetic mean of the hyperellipsoid semi-
axes. E criterion (JE = max λmin[F ])maximises the minimum semi-axis of
the information hyperellipsoid, therefore offering a compromise between D and
Emod. Modified E criterion (JEmod = min λmax[F ]

λmin[F ] ) minimises the relation-
ship between the longest and shortest semi-axes of the information hyperellip-
soid, i.e., improves the eccentricity of the hyperellipsoid. This criterion is quite
appealing as the global optimal solution corresponds with JEmod = 1, meaning
that the uncertainty of the parameter estimates is equally distributed.

In general D and A are good criteria to improve overall information and
Emod to decorrelate parameters. If the objective is to optimise a compromise
between improving information and parameter decorrelation, E criterion is the
best option. We should stress that this criterion is non-differentiable and requires
the use of appropriate global optimisers [20].

The optimal experimental design (OED) problem may be formulated as a
general dynamic optimisation problem as follows:

Calculate the time-variable stimuli u(t) and other decision variables v (such
as experiment duration, type of measure, initial conditions, sampling times and
sensor positions) so as to optimise a scalar measure of the FIM JOED = φ(F ).

The experimental design may be subject to algebraic constraints related to
experimental limitations in the manipulable dynamic variables uL(t) ≤ u(t) ≤
uU (t) and in the rest of decision variables vL ≤ v ≤ vU [10], where superscripts
L and U represent lower and upper bound respectively.
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Parameter estimation and optimal experimental design problems in compu-
tational biology require advanced numerical techniques. In this work we used
AMIGO2 (Advanced Model Identification using Global Optimization), a multi-
platform toolbox implemented in Matlab which covers parameter estimation
but also sensitivity analysis and experimental design [4]. From the set of numer-
ical methods offered in the toolbox, we selected the global optimizer based on
scatter search (eSS, Enhanced Scatter Search) method [7]. It can optimise non-
differentiable functions and it is very efficient and robust in finding the best
parameter values and experimental designs. In addition, the model simulator
CVODES [11] was selected to solve the model and calculate the Fisher Infor-
mation Matrix. The optimisation of the FIM is approached using the so called
control vector parametrisation approach (CVP), which transforms the original
infinite dimension optimisation problem into a non-linear programming problem
(NLP) whose solution requires the use of adequate optimisation methods.

2.2 The Covariance Matrix and the Hyperellipsoid of Uncertainty

If the Fisher information matrix represents the hyperellipsoid of information,
its inverse is a hyperellipsoid that gives a sense of the confidence or uncertainty
region. The Crammér-Rao inequality [21] establishes that the covariance matrix
C is greater or equal than the inverse of the Fisher Information Matrix for the
case that the estimator is asymptotically unbiased. Therefore the FIM is used
to calculate a lower bound of the covariance matrix C ≥ F−1.

The confidence intervals of a parameter may be calculated based also on this

Crammér-Rao bound. The confidence intervals are θ∗
i ± tγα/2

√
C̃i,i considering

the student’s t-distribution tγα/2 with γ being the number of degrees of freedom
and (1−α)100% the selected confidence interval. The correlation matrix can be
also calculated from the covariance matrix

(
Crij = Cij√

CiiCij

)
.

The likelihood function of non-linear models in their parameters depends on
the value of the parameters (see Example 2), and the necessary conditions for the
Crammér-Rao inequality are only satisfied (see [21] and [12] for details) around
the optimum: C >= F−1(θ∗). Nevertheless the objective of the optimal experi-
mental design is to estimate the optimum set of parameters itself. Therefore the
following iterative procedure is proposed in the literature:

1. Estimate the parameters θ0 using the available information (literature or
non-optimal experiments)

2. Find the optimal set of experiments using F (θ0)
3. Re-estimate the parameters θ1

4. Find the new set of optimal experiments using F (θ1)
5. Repeat steps 3 and 4 until θi−1 � θi

If the starting point θ0 is sufficiently close to the optimum (θ∗) or F (θ) is suffi-
ciently smooth, this iterative procedure will find the optimum set of parameters
(θi = θ∗).
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Example 1: A system of two uncoupled dynamics with degradation.
We illustrate the ideas behind the classical optimal experimental design using
the following simple example:

∅ k∗
1=10−−−−→ x1 ∅ k∗

2=1−−−→ x2

being x1 and x2 the dynamic variables and k1 and k2 the unknown reaction
velocities. Contrary to common models in computational biology, this model is
linear in their parameters [21] when considering mass action. It has the following
simple analytical solution x1(t) = −k1t1 + x0

1 x2(t) = −k2t2 + x0
2, where x0

1

and x0
2 are the initial conditions at t = 0.

We use optimal experimental design to determine the best sampling times
assuming we only take one measurement per dynamic variable. For a deeper
discussion on the relevance of optimising the sampling times, we advise the
reading of Kutalik work [15]. We assume Gaussian noise with same standard
deviation σ for all measurements to calculate the FIM:

x̄ = M(θ, t1, t2) = [−k1t1 + x0
1,−k2t2 + x0

2], F =

(
t12

σ2 0
0 t22

σ2

)

If we impose a maximum bound on the sampling times: t1 ≤ 5 ∈ IR+, t2 ≤
10 ∈ IR+, it is trivial to see how optimal samplings [t∗1, t

∗
2] in the sense of criteria

D and A are these maximum bounds ([5, 10]). The optimal sampling times for
the remaining criteria have several solutions with best value of the cost function
JOED. For all t∗1 = 5, t∗2 >= 5 sampling times are optimal in the sense of E and
for all t∗1 = t∗2 in the sense of Emod.

Finally we show in Table 1 the confidence intervals and condition number
(equivalent to JEmod criterion) for some optimal sampling times assuming σ = 1
and tγα/2 = 1.96. To stress that these results refer to absolute values of the
confidence intervals we also calculate the relative confidence intervals.

Table 1. Optimal sampling times, FIM condition number and uncertainty ellipsoid
semi-axes in Example 1 for the different criteria

Criteria Optimum FIM condition number Confidence intervals

[t∗
1, t

∗
2] Absolute Relative Absolute Relative

D [5,10] 2.0 5.0 [0.39,0.196] [0.039,0.196]

A [5,10] 2.0 5.0 [0.39,0.196] [0.039,0.196]

Emod [4,4] 1.0 10 [0.49,0.49] [0.049,0.49]

E [5,6] 1.2 8.33 [0.39,0.33] [0.039,0.33]
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3 Optimal Experimental Design Based
on the Normalised FIM

FIM confidence intervals refers to the absolute value of the parameters. The clas-
sical approach, described in previous section, minimizes the confidence hyper-
ellipsoid considering that all parameters have the same relevance, even if their
values have different orders of magnitude. However, in general terms, same con-
fidence intervals are considered best for parameters with larger values than for
smaller parameters. See for example confidence intervals for Emod in Table 1
(k1 = 10± 0.49 and k2 = 1± 0.49). If we can only improve the confidence of one
parameter, it is natural to focus on k2, but with classical OED both have the
same confidence and will be treated equally.

Moreover the optimisation of experiments has numerical problems because
the FIM is ill-conditioned. Parameters in systems biology usually differ in orders
of magnitude and therefore also the score functions (∂Jml

∂θ ) that define the FIM.
In order to both, focus on relative confidence intervals and scaling the FIM

to avoid numerical problems, we propose the following normalization: Consider
the available best estimation of the parameters θi, the Fisher information matrix
is calculated using the following reparametrised model Mnorm

k (θ/θi, u, v). In the
literature procedure described in Sect. 2.2, as i increases, the value of the unknown
parameters θ∗ will tend to a all-ones vector.

We should note that for complex biological systems we need an estimation of
the unknown parameters even if we do not use the normalisation. As discussed
previously, the FIM depends on the parameters and has to be evaluated close to
the optimum. The only case where that is not a requirement is for models linear
in their parameters (such as Example 1) that are not common in biology. We
use Example 1 to illustrate the effect of the normalisation, for a more detailed
discussion see [10].

Example 1: A system of two uncoupled dynamics with degradation.
Let us calculate for Example 1 the optimal experimental design that minimised
the relative confidence intervals and compare the results with those obtained in

Table 1. The normalised FIM reads Fnorm =

(
100t21

σ2 0
0 t22

σ2

)
.

In general for uncoupled models linear in their parameters Fnorm

(diagθi)2 = F . For this class of simple systems D is not affected by the normal-
isation and A is affected only if there are bounds or penalisation on the decision
variables. We should stress that this is only a tendency for nonlinear models,
but not a rule.

Contrary, the criteria focusing on decorrelating parameters (E and Emod)
are affected by the normalisation. Assuming same bounds for the sampling times
and σ = 1, best sampling times for E are now t2 = 10,∀t1 >= 1 and for Emod
are all sampling times satisfying 10t1 = t2. Table 2 shows the results obtained
with the normalised FIM.
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Table 2. Optimal sampling times, FIM condition number and uncertainty ellipsoid
semi-axes in Example 1 for the different criteria using the normalisation. With the
new approach we improve the confidence intervals of the smallest parameter k2 at the
expenses of the largest one k1 in Emod and E.

Criteria Optimum FIM condition number Confidence intervals of [k1, k2]

[t∗
1, t

∗
2] Absolute Relative Absolute Relative

D [5,10] 2.0 5.0 [0.39,0.196] [0.039,0.196]

A [5,10] 2.0 5.0 [0.39,0.196] [0.039,0.196]

Emod [1,10] 10 1 [1.96,0.196] [0.196,0.196]

E [2,10] 5.0 2.0 [0.98,0.196] [0.098,0.196]

4 Model Predictive Capabilities with and Without
the Normalised FIM

We propose the use of the so-called core prediction to asses the predictive capa-
bilities of the model fitted using the optimal experiments with and without
the normalisation. The normalisation prioritises the minimisation of the relative
confidence hyperellipsoid, resulting also in FIM with better condition number.
However, it is not trivial for non-linear models how this affects to the confidence
of the model predictions.

Core predictions is a standard method in systems biology to test predictive
capabilities of complex models subject to uncertainty [5]. Detailed description of
the method used here can be found in [9] where we explored the performance of
a microbiological model after optimal experimental design using the D criterion.
The idea is to compute the range of possible solutions corresponding to different
realizations of the parameter statistics given by the confidence intervals before
the OED and model fitting.

In the context of this work we will consider a uniform distribution between
the bounds of the confidence intervals θ∗

i ± tγα/2

√
C̃i,i and calculate 300 different

realizations. Figures with core predictions will show the mean of the predictions
and a coloured area defined by x̄ ± σx where σx is now the standard deviation
of the prediction at each time calculated from the different realizations.

Example 2: simple metabolic pathway using mass action. To assess the
performance of the normalisation, we calculate the core predictions in a sim-
ple model non-linear in its parameters. Assume that we can only measure two
dynamic variables in a pathway of three compounds with the following reactions:

x1
k∗
1=0.1−−−−→ x2

k∗
2=1−−−→ x3

k∗
3=1−−−→ ∅

the objective is to find which dynamic variable to measure to maximise the
information of the experiment. For the formulation of the OED problem we will
define the model measurements as x̄ = wM(θ, t1, t2) = w[x1(t), x2(t), x3(t)] with
standard deviation 1% of the maximum value of the observable and where w is
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a 3-dimensional vector that can take value 1 if the variable is observable or 0
otherwise. Sampling times here are considered fixed (t = [0.0, 2.5, 5.0, 7.5, 10.0])
and therefore there are only three possible solutions: w = [1, 1, 0], w = [1, 0, 1]
and w = [0, 1, 1]. All criteria, except A that may give solutions with singular
FIM [10], will tend to measure x3 as it is the only possible observable with
information about k3. Otherwise the problem is structurally no identifiable.

D criterion is not affected by the normalisation and selects to measure
[x1, x3]. Remaining criteria select to measure [x1, x2]. When using the normali-
sation all criteria coincides with D and considers that the optimum is to measure
[x1, x3]. First two columns in Fig. 1 show the core predictions for Emod with and
without normalisation. As expected, x1 confidence is better for Emod and x2 for
normalised Emod, while x3 is good in both cases. Attending to the overall per-
formance, normalised Emod produced the best results in terms of smaller core
predictions. Last columns in Fig. 1 show how the correlation matrix for Emod
also improves with the normalisation.

Fig. 1. First three subfigures show model dynamics and core predictions obtained with
Emod with and without normalisation. Last subfigures show the improvement in the
correlation matrix with the normalisation

5 Case Study: SOS Response in Escherichia Coli

Antimicrobial resistance is a threat to our health and economy that is expected
to scale much faster than our ability to design new drugs. Martinez’s work [17]
stresses the importance of designing quantitative models to predict antimicrobial
resistance using systems biology tools. The SOS response is one of the main
mechanisms related with antimicrobial resistance. This pathway modulates the
acquisition of bacterial mutations under DNA damage by different stressors. The
response to this damage is to upregulate the production of protein recA that
inactivates the transcriptional repressor LexA. Under normal conditions LexA
represses the transcription of several genes involved in DNA damage repair,
including recA. Therefore lexA and recA are the centre of the SOS response
connected in a double-negative mixed feedback loop [19].

For our study we have used the deterministic version of that feedback loop
(MODEL2937159804) in the biomodels repository [16]. Shimoni observed [19]
that the model presents practical identifiability problems for the considered
experiments, with different values of the parameters reproducing same results.
To reproduce basal state in Fig. 2 [19], we will set the stimuli that increase the
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production of recA and lexA to fR = 0.5 and fL = 1 obtaining the following
parameters (cR = 0.5500, cL = 0.0099, gR = 0.0332, gL = 0.0196, gmL = 0.0160,
gmR = 0.0011, deR = 0.0864, demR = 0.0007, sL = 0.0309, demL = 0.0002,
deL = 0.2965, sR = 0.0113, cp = 0.0006). For reproducing the plateau of strongest
damage the stimulus increases the production of recA changes to fR = 1.5.

The objective in this work is to find the best experiment in terms of best
experimental duration (tf ∈ [10000, 15000]), best four observables and best 5-
steps profile for fR ∈ [0.5, 1.5]. We consider 20 equidistant sampling times with
Gaussian noise and relative standard deviation 0.5% with respect to the maxi-
mum value of the observable.

Optimal experimental designs (data not shown here) are different for each
criteria and are affected considerable by the normalisation except for the
D-criterion, where differences are slight modifications on the switching times of
the optimal stimulus. Figure 2 shows the core predictions of all dynamic variables
for the remaining criteria with and without normalisation. For these predictions
we simulate the model at different levels of the stimuli fR in a experiment of
125000 s. Results show how predictions improve in most cases when using the
normalised FIM in two senses: the mean of the predictions is closer to the model
dynamics and the uncertainty (coloured areas) are smaller. Note however that
some exceptions may occur. This is the case for example in the prediction of
state R using the A criterion, where predictions are similar but the confidence
is best using the non-normalised FIM.

Fig. 2. Core predictions for A, Emod and E criteria with conventional FIM (red) and
normalised FIM (blue). Black lines represent the model dynamics with θ∗ and red and
blue lines represent the mean of the core predictions (x̄) with coloured areas being
x̄ ± σx. Core predictions of the D-criterion, not depicted here, are similar to E with
the normalisation

6 Conclusions

We propose a new formulation of the Optimal Experimental Design where the
model parameters are normalised before defining the FIM. The new approach
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searches for the minimum relative confidence intervals and improves the condi-
tioning of the FIM avoiding numerical problems in the optimisation. Obtained
optimal experimental designs change when using the normalisation, especially
for those criteria focused on decorrelating parameters.

To test how the new approach improves the predictive capabilities of the
models we use the core-predictions. They are a measure of the confidence in
the predictions given the confidence in the parameters. We tested the normali-
sation in two examples, including the SOS pathway relevant to work towards a
predictive model of antimicrobial resistance.

Results show how the normalisation provides more informative experiments
and better model predictions than the classical approach for optimal experimen-
tal design.
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